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BOOK ELEVEN 



1^ 



1. 



One way to study the laws of arithmetic is to work wip:h some new kinds 
of operations with numbers. * * • j . 

Suppose we .take a new operation © VVcircle-dot'*). We defin^i what © 
does as follows: < 



T 



I I © the number halfway between | | and * , ♦ 



wSome examples: 



5 © 8 



^j^ (pronounced ''Five circle -dot eight 
2 equals six and orte-h^lf'\ ) ' ^ 



h © -3 ^ 1 



Another way of describing what circle -dot does; 



I I © by definition is 



which can be abbreviated 



df 




A . 



8 © 10 



2. 



10 © 20 



Continue witR; □ © A = . 



— =— ^ ' ^ \ 



4. 16 18 



5. • ' 0 © 82 



6. . ■ . 1,000 1 ,0 I 

7. .* 1000- © -"I 



8. . 100o| ©d -1 = ' _ 

9. ' /\ © 10 = VlOO 



10. , r © 10 = 101 




<;^^ . 0 50 = 10 

12. Q © 10,00 = 0 

13. 492 = . [[] © 1000 

14. • ( 2 © no ) © 20 . = 



15. '2, © ( 10 © 20 ) = , 



Notice.th^it in problems 14 and 15 the answers were^different although . 
the same numbers occurred in the same order. An expression without paren- 
theses or loop^ such as 2 © 10 © 20 , is not meaningful. It does not make 
cle^ir which of the two Answer s in problems 14 and 15 is m'eant. Circle-dot 
is not an associative operation, v . ' t 

A similar eicpresBlon with t\ree ftUmbers and +'8 is meaningful: 
17 + 3 + 5 « , 25» Addition ir-a^(sociatlve. Whichever opefation you 



perform first, tl\e result is the same: . ( 17 + 3 ) + 5 = 17 + ( 3 + 5) • 

In problems 16 throngl^Z^^ contiiming witli ; □ 0 A = ^ , 

insert parentheses to obtain the largest possible ^mber , and give the fiunnber. 



The first one has been done for you* 



16* ^1 © 3 J© 6 



4 1 



.17. 



1 © 1 .0 49 



18.^ 



20 © 20 6 2 



19, \- 6000 © 0 0 ZO 



20. 



60 0 100 © 12 



21. 



■r 0 400 © 400 



22. 

i 

23. 



14 0 18 ^0 14 



In a student's words, 'what is a good strategy to follow in doing the 
preceding problems? 



24. 



25. 



J-10 
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3052 
J 



II. 



Her<5 are some more problems >5^th .t^ ''star'! and "check" 

that you saw. in the film. (For convenience we shall use the same symbols, 
but the choice 6f symbols is^therwise arbitrary.) Although the definitions 
were not writtenHn this formi you will^ recall that* 



a * A 



Examples: 



5 * 18 
5 y 18 

• 5 4 -5 



df 



□ ^ A 

max( □ , A' 

(pronounced "the maximum 
of box and wedge") 



28^ 
18 



le * 5 
18 V 5 



41 

18" 



1. 



2. 



3. 



15^ V 15 

7 • 



-12 y 0 



13 V .1^1 



4. 



5. 



6. 



7. 



8. 



8 H< 5 
33 >|< 33 




* -10 



-10 



-11 



J-10 




Continue Mthf □ >k A : 


n 


□ + □ + 




■ , .• n 7 A 

■ LJ V fc-A 


Ui 


max ( □ , A ) . 










-9. • 


A a, A 

/\ * / \ 




-12 


iO. 


1 1 • ■ 
( 2 X 1 1) * 


■7 ■ ■ 


17 


• r ■ ■ 
t ■ 

H. 


( 2 X; [ 1 ) * 


(2 X 


□ ) = 30 


12. 


1 1 ^ . 


.12 




13. 


LJ * 2 = 


^26 




14. 




26 




15. 




4 




16. 


j~j ^ 




ft 


17. 








\ • 

^I9v 


□ *4 = 


(3 





;frl9. 



: y^20. 



(Hint; Two numbers work. ) • , 



* 2 ' = ( 3 X |~| ) / 10 





♦ . ■ », 



Find a nU|plb%r for the wedge so that only one number will work in the box: 



t 3 X 



10 



Comnlent? 
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f Rules: . 



III. 



4 X 



□ 





r 



."For the foUowing star1i%splaces, which rule lands you on-the larger number 



'in one jun^ (wHte :''a" Qir "b" , as in the. first example. Red all that 
4X^^l:'^ 'A'^r^''-:ix^^'l =^'^ I , 4 X -3 ^ -12 , and '-3 X -3 = 9 . 
|)ori't 't<:^ptutg, sp,e'cifiG landlngi^point§ whenever you can be sure without 




5, 

■•,■7. 



0 , ' ' 'Starting, Pl^ce 

' ' ' ' ' \ • 


Winne r 


V ,. 0 , . - 




.' ■ ■ ' y 












■ ■. -3 


— 1 ' ■ .■ — '■ 


. ■ , ■■: 4 ■ 






J » '. . . 


— ^ — . . f . — — — - 
' ■ J— 




:• . .' ■ ■. ■■ ■.. ■ ■■■^ • •■„■' 





9 




.7- : 



0 



J-13-1 



I 



T 



* Continuf with the rules; □ 



a 



» 4 X □ 



9. 
10. 
11. 

12. 
13. 

^l;i. 
irl5. 



f 1 



• ■ ." . • ; ' ■ ■ . > . . ■ 


• Winner^ . " 






100 


• 


10,081,314 


• ■ ' » 


^.10 ■■ ' 




\ -400 


^ ■ ' V. ». 


■;. .- 1 . 

•■■ ^ -5. . - ■ 


% ■ ■ ' ■ 




■■■ ■ ■ ■ ' .-■■«• 







/ 
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Thei artificial operations you have been wortog with were defined by 
using combinations of tHe oi^dinary arithmetic operations . JPurthermore) they 
were'defined |or airnumbers. We can define an artificial ope ration on just a^ 
few numbers 'by giving a table: 



Second Number 



Operation / • 
■ • ^ v.^ 


1 


4 


. 10 . 


11 


• 1 


11 


10 


10 


10 


First ^ 


10 


U " 


4 


4 


Numi?er 


.10 


1 


n 


■ y 

■ 


* ..f. 


10 

N 

^ — 'V' 


4 


4.' ■ 


11' 



According to the table: 



4^1 

10 ^ 11 

11 11 



.10 



11 



D^'t look for any spe^ial pattern^ or system here just follow the table., Is 

an associative operatioi|? ' With a little^time ypu could 9heck- all possibilities. 

■ ■ ' ■•■ ■ ■ ■ ) ■ ■■ . 

For' now, try " .. . ' 



(11 4 ) 10 =, 11 ^ .(.4 <^ 10 ) 
4' ^ 10 = U ^ 4 



, So ;tar ft: looks ks though <^ might be as'Sociativ6. iBut now try 



( 1 <^ 4 ) 



10 



1 ^ ( 4 <^ ^0 ) 



This one , example shows that our operation is, not associative. Is ^ comVnu- 
tative? Jf^you try various pairs, they come out the same when the numbers are 
interchanged-: — wj.th One exception: . . ' 

■• ' ■■• ■ > 4 <$>: 10, = 4 ■■ ' • ■ ■ - 

- ■ • . ■ ■ ■ . ■ 

■ ' ■ • • 10 ^ ' 4 = 1 , . . . 



But this makes it nori-commutative . r 
/ The part iciilar numbers used in the previous table Jtiad no significance in 
themselves, We c|fen just ^a6 welf say that we have four elements^ a b-, c , 
andv H valid an bperafion ^ on them defified by the following table: 





a 




c 


d' . 


a 


d 




c 


c 


' h 


c 


— — ^ 
'd 


b 


b 


c 


c 


a- 


d 


b 


. d 




b ' 


' b 


d 



We can b^gin studying this system, Tor example, you might notice that when- 



ever yo,u have . □ <^ □ ; you 
to get a for an answer: ' ^ b 

-1 - . . , • : ■ . . ' .. ... , ^ , . ■ . 

j^gaixij, jiotice tj^^ computation yoja do With ; ^ and a b , 

: c , and d , the table tells you! that you:^ answer will always be a > b , c , or 
' d . I£ the table sa;id that a ^ b = f , for example, then you wouldn^t know 
Y how to po oth«r problems;]jlnVDlving f unless the table were enlarge^ to iricludewf 
the eltftnerit 



gqt d ipr the answer. ^^Iso,. thefe is only one way^ 



= ;a 



\ 



To include an element i , new table might look liUe this. 





a 




. c 


d • 


f 

» 


a 


d 






' . ■ c 


b 




* c 


d 


• b 


b 

4 


f : 


c 




a 

• 


d • 


b 


d 


d 


C 




b 


" d , 


C ■ . 


f . 


a 

< ■ 


■V 

a 


a 


b 





* I.. 



Usfntt four elem^ifs such as a , , b , c , d ^ and an operation 0 V it is 
■Ro.ssifel-e t4!\,mal5. up systems that *are- associative an^, commutative . Here is one 
>^ such system that is commpnly 'used in modern algebra: ■ 





■ ■ ■ '^it^r. 
a ■ 








a 


a 


b 




d r 


b 


...b. .. 


C " 




a 


c 








b 


■ ' ■ / 
.d 





^a 


b 


c 



6ar|' you 'jshow that 0 is commutative?" Associative? . ► 

. . . Anothei" stich four- e lenient, system, shown on the following page, is known 
ti8 "Gayley's fo^r group, Is it associativeV Commutative? ' , 




Id 



Cayloy'd. four, groups 

.'■I':-''; 



0 


d 


y 

u. 


"♦/^ ' 


v! 


a 


a 


b 




d 








Q 


c 


c 


c 


d 


a 


b 


d 


d 


c 




a 



■ ; 



iPedple arq often curious about the symbols' that appear in the vvritten les- 
sons^ Although ii;5iajiy of. the symbols have been devised by the Projecti ptheirs ' 
(such as absolute value) appe.ar in standard mathematics texts. The symbols © > 
^ and V do not necessajrily h'ave to mean thlfNoperatiohs that are used in this 
wi^^tten lesson. In the next lesson, the aymbol v' will be used for a different 
artificial operation* You should noticie, however, that although spqcfial binary 
symbols' (such ag ^ or (^^^^e used, the ideas they stand for are hot necessarily 
new# Averagingi — > .and maximum, rnax(D , A) , are standard mathe- 



matical operations. 



Summajry of Problems In th-fe Film 
ome Artificial Ope rati obis'' 



4th Grade, Phillip's School,' Watertown, Massachusetts 
. . T«aG,her! Phyllis R. Klein ^ 



VJi^e is 




a symbol that-does something to pmbers. You figure out 

•■ ■ . . * . ' 

what it does . 

.. ^ ' / 50' ^ ?! = 107|. y 

. . n* l - 44- . 



TeU 'xnethe answer if you^knqw what star doesi 




More problems: * 



/ 



lOP >!< = 



□ * 10 = 20 

□ * 17 = 18 



( 200| ) . 



(5) 
(0) 



O >:< IT-" 17' 

Tell me what to write: ^'^ meang: Double the' first number and add the second, 

• ■. ■ ' •■• f ■ ■ ^ .5. * t ;■= -11 \-. ■■ ]'■■■ ■ 

' Don't do any arithmetic, "^here do you put the numbers to get the biggest 

' ■ y * ' • . . . 

answer? . ' ■■ ^ 

** 287 J422 (1422 first) ' 



Think. of what 10 * 3 is.. Now do: 



( 10 * 3) *'\ = (4,6^) 
10 * (3 * i ) = 



Difference between top *and bottom? 



. • ■ ( 50 * -) * 4 =; 

i ■ V ^ ; . , , ' 50 ^ { -^ 4 ) = ^ 

Difference between top and bottom? 



Predict what thfe. difference is: 

■ - • ■■ • ' ' ■ ' • . ■. 

' (4*.* 5) * 100 = (126) 

4 * ( 5 >!< 100 ) = (118) 



Student:' You double the first nujj^ber and 
that tells you 'how far apart . 



Pfoblemij Give me ." 3 numbers (and. we 'ir put stars and parentheses 

between them) so thydifference between the top onle and / < 
bottom one is 0 , » 

.\ • ' , * ' Student: ( ZS * ~) * 14 ' = 



V - 

)•• • 



r - 25, *''(4, * 14) = V t • 

How far apart? ^ (50) 

StudentJ ( 0 * 0 ) * 0 = 

' • 0 * ( 0 * p ) = 

How far assart? / j - .*(It works, ) 



Get the difference to be'.O but one of the numbers has to be 10 . 

. Student: / ( 10 »;<. .1.0 ) >!« 10 = 



( 70 ) 



^1/ 



(20 apart): 



10 (10 >!' - .10.) = (50): 



student: , (0 10 ) 0 = . 

' , . 0 * ( 10 0 ) 
Student: Put 0 for the first number, 



(20) , 

(0 apart) 
(20) / .. 



Jk 



Write what goes in the box tp make this true: 
' (Kept 9n board: ( 10 '* "lO ) 10 = 70 ) 

■ ' . .. , , . ^.^ ^.^ >:< □ ■ = . .21 

. ■ I. ■ . ■ ' 

. ' . , , : \. ■■ (□ '!< □) □ =..■ 5.6 

^ ■ ■ ' 

. ' . . , . '-. ' (P- * D) ° - 

. ■ . , ' (□ □) >!' d = 22 



(3) 
(8) 



Student: If you look at (□■ □) ^ Q - 14 
. \ there a.re 7 boxes and you think / 

7 X 2 = H 
.Student: Divide the number by. 7 . . 



Let's do something different-a new operation, ^ . It's very simple. 
Example s:^ 10 ^ 14" = 14 

100| / 55.= 100- 



■ A 



V. 



Guess: 



Silly question: 



88 V 0 = 

1047 V 1048 = 

17 \/ 17 = 

17' V -17 = 
- i7V -18 = 
-18 V -17 = 



(88) 
(1048/ 




17 



On side board: * . 

* means: Double first number and add second, T 



V m^ans: Take the larger number. 

More problems: ' ' □ >/ 100 = 100 (Any number under 100) 

, ' ' - , □ >/ 5 = 16 (16) 

□ >/ 5 = 2 (Impossible) 



Give me some numbers to write .on the board: , 



• Use: V * * ( ) 51 ' 0 100 



Arrange them so you get the biggest an^wjpr. 



I 



♦ 4 
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